The semi-Markov process often provides a better framework than the classical Markov process for the analysis of events with multiple states. The purpose of this paper is twofold. First, we show that in the presence of right censoring, when the right end-point of the support of the censoring time is strictly less than the right end-point of the support of the semi-Markov kernel, the transition probability of the semi-Markov process is nonidentifiable, and the estimators proposed in the literature are inconsistent in general. We derive the set of all attainable values for the transition probability based on the censored data, and we propose a nonparametric inference procedure for the transition probability using this set. Second, the conventional approach to constructing confidence bands is not applicable for the semi-Markov kernel and the sojourn time distribution. We propose new perturbation resampling methods to construct these confidence bands. Different weights and transformations are explored in the construction. We use simulation to examine our proposals and illustrate them with hospitalization data from a recent cancer survivor study. Résumé: Les processus semi-markoviens présentent souvent un contexte plus propiceà l'analyse d'événements multi-états que les processus de Markov classiques. Cet article a deux objectifs. D'une part, les auteurs démontrent qu'en présence de censureà droite, lorsque l'extrémité droite du support du temps de censure est strictement inférieureà l'extrémité droite du support du noyau semi-markovien, la probabilité de transition du processus semi-markovien est non identifiable et les estimateurs proposés dans la littérature sont généralement non convergents. Les auteurs déterminent l'ensemble des valeurs atteignables pour la probabilité de transition en tenant compte des données censurées, puis ils proposent une procédure d'inférence non paramétrique pour la probabilité de transition au moyen de cet ensemble de données. D'autre part, la méthode conventionnelle pour construire des bandes de confiance ne s'applique pas au noyau semimarkovien età la fonction de répartition des temps de séjour. Les auteurs proposent des méthodes de rééchantillonnage avec perturbations pour construire ces bandes de confiance. Ils explorent différents poids et transformations pour la construction. Ils examinent leurs propositions au moyen d'une simulation et les illustrentà l'aide de données tirées d'une récenteétude sur des survivants du cancer. La revue canadienne de statistique 41: 237-256; 2013
INTRODUCTION
Multi-state stochastic processes provide a convenient framework for the analysis of event history data (Andersen et al., 1993; Commenges, 1999; Andersen & Keiding, 2002) . The semi-Markov model is a generalization of the classical homogeneous Markov model. It is preferred in many practical applications because it accommodates the dependence of transitions between states on the state durations (Andersen, Esbjerg, & Sorensen, 2000; Kang & Lagakos, 2007) .
Suppose {S(t) : t ≥ 0} is a finite-state stochastic process with state space E = {1, . . . , r}. Denote its sequence of consecutive states by {J m : m = 0, 1, 2, . . .}, and let the corresponding transition times be {T m : m = 0, 1, . . .}. Without loss of generality, we assume T 0 = 0. Let X m = T m − T m−1 be the sojourn time of the mth transition. Then {S(t) : t ≥ 0} is a homogeneous semiMarkov process if for any state j ∈ E and duration time τ > 0, the transition probability satisfies P{J m+1 = j, X m+1 ≤ τ|J 0 , T 0 , . . . , J m , T m } = P{J m+1 = j, X m+1 ≤ τ|J m }
and (1) does not depend on m (Ross, 1996) . Denote the function in (1) with J m = h ( = j) by Q hj (τ). The set {Q hj (·) : h, j ∈ E}, referred to as the semi-Markov kernel, fully characterizes the corresponding homogeneous semi-Markov process given its first state S(0) = J 0 . Lagakos, Sommer, & Zelen (1978) present the nonparametric maximum likelihood estimator (MLE) of the semi-Markov kernel Q hj (·) based on right-censored observations. The consistency and weak convergence of their nonparametric MLE are derived by Gill (1980) using the theory of stochastic integration and counting processes. Matthews (1984) and Dinse & Larson (1986) express the nonparametric MLE in terms of cause-specific hazard functions, which simplify its calculation and clarify its interpretation.
In a homogeneous semi-Markov process {S(t), t ≥ 0}, the sequence of its consecutive states {J m = S(T m ) : m = 0, 1, 2, . . .} is an embedded homogeneous Markov chain with the transition probability
If h is an absorbing state, we have Q hj (·) = 0 and therefore P hj = 0 for every j = h. When h is not absorbing, the sojourn time between h and j has the cumulative distribution function F hj (τ) = P{X m+1 ≤ τ|J m = h, J m+1 = j} = Q hj (τ)/P hj , τ > 0.
It is often of interest to estimate the semi-Markov transition probability P hj defined in (2) and the sojourn time distribution F hj (τ) in (3). Lagakos, Sommer, & Zelen (1978) propose two estimators for P hj : a plug-in estimator based on the nonparametric MLE of the semi-Markov kernel, and its normalized version. However, the large sample properties of their estimators have not been carefully studied. In Section 2, we show that the convergence limits (in probability) of the two estimators are different from P hj when the right end-point of the support of the censoring time is strictly less than the right end-point of the support of Q hj (·). Phelan (1990) proposes an estimator for P hj using the proportion of completely observed "h → j" transitions among all the uncensored transitions starting from state h. His estimator discards all the incompletely observed transitions due to censoring. He establishes the consistency and asymptotic normality of his estimator under the assumption that all the sojourn times in each of the states have the same distribution regardless of the next state that the process transits to, that is,
where
is the distribution of the sojourn time in state h regardless of the next state. However, when assumption (4) is violated, the sojourn time distributions F hj (·) depend on the next states, and transitions associated with longer sojourn times are more likely to be censored. Discarding the information contained in censored transitions may thus result in a biased estimator for the transition probabilities P hj . This is confirmed by the simulation study reported in Section 4. However, in practice, the follow-up time is usually finite and the right end-point of its support can be strictly less than the right end-point of the support of Q hj (·) . In addition, assumption (4) can be inappropriate because the sojourn time distributions F hj (·) likely depend on j. This can be exemplified by the study of childhood cancer survivors reported in McBride et al. (2010) . The childhood, adolescent, and young adult survivors (CAYACS) study database includes hospitalization records and death information for its subjects from 1986 to 2000. If we model the hospitalization process by a semi-Markov model with the states "health," "in hospital," and "death," it is unlikely that the sojourn times for transitions from "health" to "in hospital" have the same distribution as those for transitions from "health" to "death." In fact, a preliminary analysis of these data under assumption (4) yielded some rather counterintuitive results; see Section 5 for details. Thus, for this example, the existing estimators for transition probabilities can be inconsistent and misleading. This partly motivates this research. In Section 2, we develop a new estimation procedure for the transition probabilities P hj that is valid even when assumption (4) is violated.
Moreover, as pointed out by Gill (1980) , the asymptotic Gaussian process of the nonparametric MLE of the semi-Markov kernel Q hj (·) does not have an independent increment structure. Thus, the limiting process can not be transformed by smooth maps into the standard Brownian bridge or Brownian motion. The well-established procedures for constructing confidence bands, such as that presented in Hall & Wellner (1980) , are thus not directly applicable to the semi-Markov kernel. In Section 3, we develop a new perturbation-resampling method to overcome this difficulty. Similar techniques have been used successfully in other contexts, for example by Lin, Wei, & Ying (1993) . Similarly to the transition probability P hj , the sojourn time distribution F hj (·) is also nonidentifiable in general. Using the relationship that F hj (τ) = Q hj (τ)/P hj , in Section 3 we propose a method to construct confidence bands for F hj (·).
Thus, the purpose of this paper is twofold. We first propose a new inference procedure for the transition probability P hj under the semi-Markov model with right-censored observations. Secondly, we present resampling-based methods to construct confidence bands for the semi-Markov kernel function Q hj (·) and the sojourn time distribution F hj (·). We organize the rest of the paper as follows. Section 2 introduces the framework, derives the convergence limits (in probability) of the existing estimators for the transition probability P hj , and shows the inconsistency of the existing estimators when assumption (4) does not hold. We then develop a new estimation procedure that is valid even when assumption (4) is violated. Section 3 presents resampling-based methods to construct confidence bands for the semi-Markov kernel function and the associated sojourn time distribution. We explore different weights and transformations in the construction. Section 4 reports the results of simulation studies conducted to examine the finite sample performance of the proposed approaches. Section 5 provides an analysis of the hospitalization data using the proposed approaches along with the preliminary analysis mentioned above. Section 6 provides some concluding remarks.
ESTIMATION OF TRANSITION PROBABILITY P hj
We begin with a description of the framework and then briefly review the existing estimators for the transition probability defined in (2) with right-censored semi-Markov process data. We show that with right-censored observations the estimators can be inconsistent and the transition probability can be nonidentifiable. We then propose an alternative estimation procedure.
Framework
Recall that {J m : m = 0, 1, 2, . . .} is the sequence of consecutive states of the semi-Markov process S(·), X m is the sojourn time of the mth transition, and T m is the time of the mth transition. We follow the counting-process formulation presented in Gill (1980) . Given a study time period [0, t] , for any u ≥ 0, let
be the number of sojourn times in state h that are ≤ u and followed by a transition to state j, and let
be the number of sojourn times in state h that are ≥ u. Note that both N hj (u; t) and Y h (u; t) are 0 if u > t.
In practice, the observation of a semi-Markov process S(·) is usually subject to right censoring. We assume throughout the paper that the censoring time C is independent of S(·). Suppose we have n independent realizations from right-censored observations of S(·), denoted by
. For the ith realization, we observe {N hji (u; C i ), u ≥ 0} and {Y hi (u; C i ), u ≥ 0}, which will be denoted by {N hji (u), u ≥ 0} and {Y hi (u), u ≥ 0} for simplicity of notation. Following the notation of Gill (1980) 
The nonparametric MLE derived in Lagakos, Sommer, & Zelen (1978) for the semiMarkov kernel Q hj (·) defined in (1) can be written
, u ≥ 0 is the nonparametric MLE of H h (·) defined in (5). Gill (1980) establishes the uniform consistency and weak convergence of {Q hj (τ); h, j ∈ E} over a range of τ. We consider the estimation of the semi-Markov transition probability P hj defined in (2).
Study of Existing Estimators
Because P hj = lim τ→∞ Q hj (τ), Lagakos, Sommer, & Zelen (1978) suggest a plug-in estimator of the transition probability:P hj =Q hj (∞) for h, j ∈ E. We refer to this as the LSZ plug-in estimator.
The LSZ plug-in estimatorQ hj (∞) is in fact the same as the MLEQ hj (·) evaluated at the largest observed sojourn time starting from state h. It is thus possible that jP hj < 1 with right-censored observations, which is undesirable in practical applications. Hence, Lagakos, Sommer, & Zelen (1978) propose a normalized version of the plug-in estimator: P hj =Q hj (∞)/ k =hQhk (∞). We refer to this as the LSZ normalized estimator.
Denote the largest sojourn time in state h, h ∈ E, that is potentially observable by
The following proposition presents the limiting properties of the LSZ estimators. 
Moreover, as n → ∞, the LSZ plug-in estimatorP hj and the LSZ normalized estimator P hj converge in probability to Q hj (τ h ) and
The proof is outlined in the Appendix. The condition E{Y h (0)} < ∞ indicates that the number of at least partially observed sojourn times is almost surely finite. This proposition reveals the following:
(i) The LSZ plug-in estimatorP hj is a consistent estimator for the transition probability P hj if and only if Q hj (τ h ) = Q hj (∞) = P hj . (ii) The LSZ normalized estimatorP hj is a consistent estimator for P hj if and only if
In general, bothP hj andP hj are inconsistent. For example, when the right end-point of the support of the censoring time is strictly less than the right end-point of the support of Q hj (·), it is straightforward to show that Q hj (τ h ) < Q hj (∞) = P hj . It follows that the LSZ plug-in estimator P hj is not consistent for P hj . For the LSZ normalized estimatorP hj , it is easy to verify that the condition in (ii) above holds, provided
On the other hand, if at least one F hj (τ h ), j ∈ E is different from the others for a fixed h, then at least one
Thus,P hj * converges in probability to Q hj * (τ h )/ k =h Q hk (τ h ) < P hj * . That is, the condition (ii) required for the consistency of the LSZ normalized estimatorP hj is equivalent to F hj (τ h ) = H h (τ h ) for j ∈ E, which is necessary for assumption (4). However, this condition is often violated, and thusP hj is not consistent for P hj . In the next subsection, we propose a nonparametric inference procedure for P hj that does not rely on these conditions.
Proposed Interval Estimator
It follows from the definition of τ h that the semi-Markov kernel Q hj (·) is estimable only up to τ h . The available information, the right-censored observations of the semi-Markov process, is on
Although the transition probability P hj is not identifiable in general, the set of its attainable values is well defined. Let
hj ], the set of all attainable values of P hj . That is, the data provide information about P hj only through the information on the two interval limits, P L hj and P U hj . When the right end-point of the support of the censoring time is strictly less than the right end-point of the support of Q hj (·), it is straightforward to show that
hj . Without further assumptions, P hj is therefore not identifiable based on the data. By 
hj ], we propose estimating the transition probability P hj with [P
L
hj − c 1 ,P U hj + c 2 ], the interval from (8). This yields a confidence interval of P hj with level at least 1 − α, without any assumption beyond those of Proposition 1.
Based on the asymptotic properties of the MLEQ hj (·) derived in Gill (1980) , the distribution of {Q hj (τ h ) : h, j ∈ E} is asymptotically normal with mean
hj ) with h, j ∈ E, a bivariate function of (Q hl (τ h ) : l ∈ E) with continuous derivatives, is thus asymptotically normal with mean (P L hj , P U hj ). Theoretically speaking, c 1 and c 2 in (8) can be determined by the asymptotic distribution of (P L hj ,P U hj ) . However, the limiting distribution is not convenient to use analytically for this purpose. Instead, we approximate the limiting distribution using an innovative nonparametric bootstrap procedure. This approximation also allows us to determine many pairs of c 1 and c 2 that satisfy (8). We suggest using the pair that minimizes c 1 + c 2 because this leads to the shortest confidence interval. This optimization can be easily done using the bootstrap approximation. This will be illustrated and discussed in Section 4 with a simulation study and in Section 5 with the aforementioned hospitalization data.
The proposed confidence interval for P hj results from an interval estimator for [P L hj , P hj ] becomes narrower, and our confidence interval is comparable to those based on existing estimators. We will further discuss the robustness and efficiency of the proposed interval estimator with the numerical results in Sections 4 and 5.
ESTIMATION OF SEMI-MARKOV KERNEL AND SOJOURN TIME DISTRIBUTION
This section focuses on procedures for constructing confidence bands for the semi-Markov kernel and the sojourn time distribution.
Confidence Band for the Semi-Markov Kernel
Gill (1980) points out that the limiting process of n 1/2 {Q hj (·) − Q hj (·)} does not have the independent increment structure, and thus it can not be transformed into the standard Brownian bridge or Brownian motion. Therefore, the conventional approach to constructing confidence bands for an unknown function is not applicable. We propose a new perturbation-resampling method to construct confidence bands for the semi-Markov kernel.
With h, j ∈ E and τ > 0, definê 
where U i , i = 1, . . . , n are independent standard normal random variables.
Proposition 2.
Assume that the semi-Markov kernel
The proof is outlined in the Appendix. Various confidence bands for Q hj (·) can be constructed using the class of transformed processes
where φ(·) is a fixed function with its first derivative φ (·) nonzero and continuous, and g
hj (·) is a weight function based on the available data with a deterministic limit g hj (τ) in probability. The weight g (n) hj (·) determines the shape of the bands. By the functional delta-method (e.g., Andersen et al., 1993) , the process G hj (·) is asymptotically equivalent to
In practice, one often uses a transformation with positive φ (·). A natural transformation function is the identity function φ(x) = x. We also consider another transformation function, φ(x) = log(− log(1 − x)). This is analogous to the function widely used in the literature to improve the coverage probabilities of confidence intervals and confidence bands for a survival function with the Kaplan-Meier estimator. Another advantage of the transformation is that it ensures that the bounds are between 0 and 1, as required for a survival function. We consider two choices for the weight function g
hj (τ):
and
hj (τ) is a consistent estimator for the asymptotic variance of n 1/2 {Q hj (τ) − Q hj (τ)}. When P hj = 1, Q hj (·) is a distribution function, and the resulting confidence bands for Q hj (·) reduce to the widely used equal-precision (EP) bands (Nair, 1984) for weight (10) and the HallWellner (HW) bands (Hall & Wellner, 1980) for weight (11), respectively. We therefore refer to the confidence bands for weights (10) and (11) 
hj (τ)
where q hj (s 1 , s 2 ) is the (1 − α) quantile of {q
hj (s 1 , s 2 ) : b = 1, . . . , B}; these values are obtained as follows:
Step 1. Generate B sets of independent standard normal random variables {U (b) i : i = 1, . . . , n} for b = 1, . . . , B, and obtain the corresponding realizations of W n hj (·), denoted by {W
hj (τ) and obtain q
The limits of a confidence band for Q hj (·) on [s 1 , s 2 ] can then be obtained from (12) by converting the transformation φ(·).
Confidence Band for the Sojourn Time Distribution
Noting that F hj (τ) = Q hj (τ)/P hj , similarly to the transition probability P hj , the sojourn time distribution
hj . Since the sojourn time distribution F hj (·) is bounded by the two functions F L hj (·) and F U hj (·), we may obtain a confidence band for F hj (·) on a given interval, say, [s 1 , s 2 ], by construc-
To ensure that the confidence band lies within [0, 1] as desired, we consider a transformation φ(·), such as φ(x) = log(− log(1 − x)) as in Section 3.1. This may also improve the coverage of the confidence bands. Define
where d 1n hj (τ) and d 2n hj (τ) are weight functions with deterministic limits d 1 hj (τ) and d 2 hj (τ) in probability, respectively, andF
hj . We may use the weight functions analogous to (10) and (11), which produce EP and HW confidence bands. Choose the quantities q L hj (s 1 , s 2 ) and q
, τ ∈ [s 1 , s 2 ] with probability at least 1 − α. This gives a (1 − α) confidence band for F hj (·) over the interval [s 1 , s 2 ] by converting the transformation φ(·) for the two bounds in the confidence band (15).
The efficiency of the proposed confidence band for F hj (·) over a predetermined interval is usually not very high, since it is converted from a confidence band for [φ(F L hj (·)), φ(F U hj (·))] with the same level. We may provide a confidence band with improved efficiency when additional information is available or a further assumption is made. hj (s 1 , s 2 ) using a nonparametric bootstrap approach.
Step 1 Step 2. (13) and (14) We may choose α 1 and α 2 in Step 2 to optimize the width of the resulting confidence band.
SIMULATION STUDY
To examine the finite sample behavior of the proposed estimators, we compared them via simulation with the estimators given in Lagakos, Sommer, & Zelen (1978) and Phelan (1990) .
The Setting
We conducted a simulation with a three-state semi-Markov process, which is equally likely to start from state 1 or state 2 and has state 3 as an absorbing state. The transition probabilities of the embedded Markov chain were set to P 12 = 0.7, P 13 = 0.3, and P 21 = P 23 = 0.5, and the sojourn time distributions F hj (·) were set to either:
Here exp(a) and U(c, d) represent the exponential distribution with mean a and the uniform distribution with parameters c and d, respectively. In each of the three settings, a total of n independent realisations of the semi-Markov processes were simulated and observed subject to noninformative right censoring. The censoring times were generated independently from the uniform distribution U(0, c max ) with c max = 3 or 5, and the sample size n was 50, 100, or 200.
The simulation settings were chosen to study the performance of our estimators in comparison with the existing estimators in various situations. In Setting 1, because F 12 = F 13 and F 21 = F 23 , the LSZ normalized and Phelan estimators are consistent. However, the LSZ plug-in estimator will be biased because Q hj (τ h ) < Q hj (∞). The bias will be bigger when the maximum censoring time c max = 3, which is relatively small. Setting 2 has F 21 = F 23 but F 12 = F 13 . Thus, the LSZ normalized and Phelan estimators will perform well for P 21 and P 23 but not necessarily for P 12 and P 13 . Similarly to Setting 1, the LSZ plug-in estimator will be biased. Since in Setting 3 the pairs (F 12 , F 13 ) and (F 21 , F 23 ) do not have the same entries, the LSZ normalized and Phelan estimators will be biased. On the other hand, Q hj (τ h ) = Q hj (∞) when (h, j) = (1, 3) and (h, j) = (2, 1), and thus the LSZ plug-in estimator will perform well for P 13 and P 21 .
The Results
We evaluated our estimators and the existing estimators for the generated data in each simulation scenario. The simulation study was based on 1,000 repetitions.
Estimation of transition probability
In each scenario, we evaluated the LSZ plug-in estimatorP hj , the LSZ normalized estimatorP hj , and the Phelan estimatorP hj . The sample means of the LSZ plug-in estimators are close to the true values for c max = 5 but not for c max = 3. The sample means of the LSZ normalized estimator and the Phelan estimator are close to the true values when assumption (4) is satisfied, and they show observable bias when the assumption is violated regardless of the censoring time. The detailed results are available upon request.
We constructed 95% confidence intervals for the transition probabilities by the nonparametric bootstrap approach (see Section 2.3) with the bootstrap sample size B = 500. We also constructed 95% confidence intervals using the three existing estimators in the three simulation settings, assuming that the estimators are all consistent. For Setting 3, Table 1 presents the coverage frequencies and the sample mean lengths for the approximate confidence intervals. A summary of the confidence intervals for Settings 1 and 2 is available upon request.
As expected, the coverage of the confidence intervals based on the existing methods is rather low when the corresponding point estimates are biased, especially when c max = 3. In contrast, the confidence intervals based on our approach contain the attainable values of the transition probabilities [P L hj , P
U hj ] at approximately the nominal level, and thus they cover the true transition probabilities at the nominal level or higher. This verifies the robustness of our interval estimator to the violation of assumption (4).
On the other hand, we observe that the confidence intervals based on our approach are relatively wide, especially when c max = 3. They are comparable in length with the interval estimates based on the existing approaches when c max = 5. For example, in Setting 3 with n = 100 and c max = 5, the sample mean length (ML) of our interval for the transition probability P 12 is 0.25, while the MLs of the confidence intervals based on the LSZ plug-in and normalized estimators and the Phelan estimator are 0.24, 0.23, and 0.22, respectively.
In general, the MLs for our approach are longer than the corresponding MLs for the existing estimators, assuming that they are consistent. As discussed in Section 2.3, this is because the proposed confidence interval is constructed to cover at the nominal level the interval [P L hj , P U hj ], which includes the true P hj , and the probability limits of the existing estimators, P L hj for the LSZ plug-in estimator and Q hj (τ h )/ k =h Q hk (τ h ) for the LSZ normalized estimator.
Estimation of the semi-Markov kernel and sojourn time distribution
For the simulated data in each setting, we also constructed confidence bands for the semi-Markov kernel and for the attainable sojourn time distributions [F L hj (·), F U hj (·)]. We used both the EP and the HW weights, and we considered both direct construction and construction with the double-log transformation.
For illustration purposes, the domains of the confidence bands were restricted to lie within [0.5, 1.5]. For Setting 3, the coverage frequencies of confidence bands with a nominal level of 95% are summarized in level, and those with the transformation are close to this level, especially for the small sample size, n = 50. The improvement brought about by the transformation is more substantial for the EP bands than the HW bands. This is similar to findings in the context of classical survival analysis, where this transformation gives a substantial improvement in performance for the confidence intervals and confidence bands of a survival function with the Kaplan-Meier estimator (Borgan & Liestøl, 1990) .
APPLICATION TO HOSPITALISATION DATA
The hospitalisation data mentioned in Section 1 were collected during 1986-2000 from a group of 1374 cancer survivors who were diagnosed before the age of 20 in British Columbia from 1981 to 1995 and had survived 5 years or longer after diagnosis on entry into the study. The primary goal of the CAYACS study was to assess the long-term resource needs of childhood cancer survivors and to develop strategies to improve access to and the effectiveness of medical care; see McBride et al. (2010) . The hospitalisation records of each subject are available from his/her study entry to his/her death or December 31, 2000. Viewing hospitalisation as a recurrent event, Hu et al. (2011) analyze the data by modifying commonly used recurrent-event approaches to address the non-ignorable event duration resulting from a hospital stay. They focus on assessing the effects of pre-identified factors. This section presents an analysis of the hospitalisation data using the multi-state process framework considered in this paper. Cook & Lawless (2007) suggest modelling a hospitalisation process as an alternating two-state process with the states "in hospital" and "out of hospital." We used a three-state semi-Markov process with state 1 for "health," 2 for "in hospital," and 3 for "death." We viewed the available hospitalisation records as independent realisations of the process subject to right-censoring. We assumed that the censoring was noninformative. Our modelling avoids the potential informative censoring caused by death under the alternating two-state process model. In addition, the formulation allows us to make inferences on the two important transitions: "health" to "death" and "in hospital" to "death." There were 60 deaths, 29 of which occurred when the subjects were "in hospital." We aimed to estimate the probabilities of transitions between different states and the sojourn time distributions associated with transitions. This may provide important insights into the dynamics of the hospitalisation process.
The "death" state is absorbing, and thus the associated kernel functions Q 31 (·) = Q 32 (·) = 0 and the transition probabilities P 31 = P 32 = 0. Table 3 presents estimates of the nontrivial transition probabilities using the four approaches discussed in this paper. All the approaches gave similar estimates and confidence intervals for P 21 and P 23 . In fact, the estimates of P 21 and P 23 are the empirical proportions since no subject's data collection was censored when he/she was "in hospital." This was mostly because of the relatively short hospital duration (i.e., short sojourn times in state 2 relative to the other sojourn times). Another cause could be a delay in the reporting of hospitalisations, which could lead to informative censoring. There is only a small difference between the hospitalisation data and the corresponding portion of the hospitalisation data collected until 2004 by the CAYACS team. This indicates that reporting delays did not lead to many missing hospitalisation records. Therefore, the noninformative censoring assumption is plausible for this data set.
The estimates of P 12 and P 13 are quite different. The LSZ plug-in estimates giveP 12 +P 13 = 0.784 < 1 because of the relatively heavy censoring. Of the 1374 subjects, the observations for 810 were censored without any transition recorded. The LSZ normalized estimatesP 12 andP 13 are close to the corresponding Phelan estimatesP 12 andP 13 . However, they may be biased since it is unlikely that the distributions of the sojourn times in the "health" state are the same regardless of the next state, which is either "in hospital" or "death." The possible violation of assumption (4) is shown by Figure 1 , which presents the estimates and confidence bands for the sojourn time distributions starting from "health"; these results are obtained from a preliminary analysis using the LSZ normalized estimator. The construction in general gives valid confidence bands, provided assumption (4) holds. However, the confidence bands in Figure 1 indicates an observable difference between distributions F 12 (·) and F 13 (·), suggesting that assumption (4) is violated. This explains the discrepancy between the LSZ normalized and the Phelan estimates on one hand, and the estimates obtained by the proposed approach. In fact, Figure 1 indicates that F 12 (·) ≤F 13 (·), that is, the transtion from "health" to "death" is shorter than that to "in hospital." This is rather counterintuitive. It provides strong motivation for using our method to estimate the transition probabilities P 12 and P 13 and the sojourn time distributions. However, as expected, the confidence intervals for P 12 and P 13 are rather wide because of the heavy censoring associated with "health."
In Figure 2 , we present the confidence bands for the semi-Markov kernel for the hospitalisation process. The transformed HW and EP bands appear similar. The Q 21 (·) and Q 23 (·) estimates in Figure 2 indicates that about 90% of the subjects in hospital survive and are discharged within 15 days, while about 1% of the subjects admitted to hospital die at the hospital within a month. The Q 12 (·) and Q 13 (·) estimates show that about 50% of subjects survive more than 2.5 years without hospitalisation, and less than 1% of the subjects die out of hospital within a year of discharge without further hospitalisation. Figure 3 presents the confidence bands for the sojourn time distributions based on our approach. The band for F 12 (·) is rather wide compared with that for F 21 (·). This is due to the heavy censoring, which likely results in a rather wide interval [P L 12 , P U 12 ]. The wide confidence band for F 13 (·) reflects the relatively little information in the data on the transition to death. On the other hand, the estimates of F 21 (·) suggest that about 95% of the hospital durations (i.e., the sojourn time from "in hospital" to "health") are shorter than 15 days.
We used B = 1000 as the resampling size in the procedures for evaluating the estimators of the transition probabilities, the semi-Markov kernel functions, and the sojourn time distributions. The corresponding critical values are presented in Table 4 along with those for B = 500. The critical values for the two resampling sizes are very close, which indicates that the resampling procedures discussed in Section 3 are quite stable when the resampling sizes are reasonably large.
Our data analysis is tailored for the purpose of illustrating the estimation procedures developed in Sections 2 and 3. We have assumed that the hospitalisation process is a homogeneous semi-Markov process, which may not be plausible. Because of this and the possible informative censoring arising from reporting delays, we advised the medical team to interpret the analysis outcomes with caution. In addition, the data were collected during 1985-2000 from young cancer survivors diagnosed from 1981 to 1995. Caution is recommended when applying our results to more general populations. 
DISCUSSION
The classical competing risks process is a special case of a semi-Markov process with one transient state and K absorbing states. In this simple setting, Gaynor et al. (1993) argue for the practical importance of the transition probability and the sojourn time distribution. They provide an example showing that the transition probability can be nonidentifiable and the normalized estimator can be misleading. The transition probability, also called the case fatality ratio, has been studied recently in the competing risks setting (Jewell et al., 2007) . However, to the best of our knowledge, no reference in the literature has proposed inference procedures for the transition probability based on its attainable values, even in the simple competing risks setting. The justification of our interval estimator in Section 2.3 assumed that P(Y h (τ h ) > 0) > 0 and applied the asymptotic properties ofQ hj (·) derived by Gill (1980) . There are many practical situations with P(Y h (τ h ) > 0) > 0, including the example discussed in this paper. It is challenging to analytically derive the asymptotic distribution of (P Gill, 1980; Phelan, 1990) . However, in the simulation study reported in Section 4, the nonparametric bootstrap approach worked well when P(Y h (τ h ) > 0) = 0. A similar bootstrap method has been successfully used to evaluate the performance of confidence intervals for the transition probability based on the plug-in and normalized estimators in the simple competing risks setting (Jewell et al., 2007) . This paper considers estimation based on right-censored homogeneous semi-Markov (HSM) processes, in which the transition intensities depend on both the present state and its duration. The homogeneity assumption may not hold in some practical situations where the transitions may also be associated with other history information for the process. An extension of the HSM model is the modulated semi-Markov model (Cox, 1973) incorporating a time-dependent covariate in the Cox regression form. A further generalisation, the nonhomogeneous semi-Markov process (Iosifescu Manu, 1972) , assumes that its transition intensity involves two time scales, the individual study time since the onset of the process and the duration in the current state. Estimation with the two more general models may be used to check the HSM assumption (Zhao, 2009 ). The proposed estimation procedures require that the censoring time is independent of the multi-state process. This can be a problem in some applications. We could extend the current approaches to incorporate covariates and thus handle dependent censoring that becomes independent conditional on some covariates. It would also be of interest to develop methods to deal with other informative censoring. A further investigation would be to explore adaptations of the proposed approaches to situations with different data structures, such as the panel data studied in Kang & Lagakos (2007) .
APPENDIX
We outline below the proofs of the propositions in Sections 2 and 3. (1)
The h < τ ) = 1. It follows that
Combining (1) and (2) with the monotonicity ofQ hj (·), we have P(Q hj (τ h ) =Q hj (∞)) = 1. Further, by the continuity of Q hj (·) and Theorem 1 of Gill (1980) ,Q hj (τ h ) converges to Q hj (τ h ) in probability. It follows that the LSZ plug-in estimator of P hj ,P hj =Q hj (∞), converges to Q hj (τ h ) in probability. Similarly, the LSZ normalized estimatorP hj converges to Q hj (τ h )/ k =h Q hk (τ h ) in probability. This proves the proposition.
Proof of Proposition 2. It follows by Theorem 3 of Gill (1980) that {n 1/2 {Q hj (τ) − Q hj (τ)} : τ ∈ [0, ν h ]} converges weakly to a Gaussian process with a covariance function, denoted by hj (τ 1 , τ 2 ). In addition, according to Gill (1980) , on the domain {τ : Y n h (τ) > 0 and 1 − H h (τ−) > 0}, it can be shown by integration by parts that n 1/2 {Q hj (τ) − Q hj (τ)} = n −1/2 τ 0 (1 −Ĥ h (u−)) n Y n h (u) dZ n hj (u)
where (u) , and Z n h (u) = j∈E Z n hj (u) . By the uniform law of large numbers (Pollard, 1990, p. 39) ,Ĥ h (·) is uniformly consistent for H h (·), and Y n h (·)/n is uniformly consistent for y h (·) = E(Y h (·)). It follows that n 1/2 {Q hj (τ) − Q hj (τ)} given in (3) has the same asymptotic distribution as n −1/2 n i=1 A hji (τ), a sum of n independent and identically distributed terms, where
Thus, hj (τ 1 , τ 2 ) can be consistently estimated by 1 n n i=1 A hji (τ 1 )A hji (τ 2 ). The quantity W n hj (τ) in (9) is attained by replacing Z hji (·), Q hj (·), and H h (·) on the righthand side of (3) 
